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Abstract. In the present paper we study some series concerning the following function of the 
Numbers Theory [1]: "S : N->N such that S(n) is the smallest k with property that k! is 
divisible by n". 

1. Introduction. The following functions in Numbers Theory are well - known : the 
function (n) of Mobius, the function &(s) of Riemann ((s) = > a8 =o+it eC), the function 


n=l 


A(n) of Mangoldt [acay={ od le etc. 


o,ifn#p™ 
The purpose of this paper is to study some series conceming the following function of 
the Numbers Theory "[1] S : N->N such that S(n) is the smallest integer k with the propriety 
that k! is divisible by n" 
. _ We first prove the divergence of some series involving the S function, using an unitary 


method, and then we prove that the series 2; is convergent to a number S e« 


l 
m2 5(2)S(3)...S(n) 
(71/100, 101/100) and we study some applications of this series in the Numbers Theory . 


Then we prove that series >? Sa is convergent to a real numbers s €(0.717, 1.253) 
n=2 : 


and that the sum of the remarkable series > <a) is a irrational number. 
n>2 


2. The main results 


Proposition 1. If (xq), is strict increasing sequence of natural numbers, then the 


series : 


5° Xnel — Xn 
1 
> S(Xn) (1) 
is divergent. — 
Proof. We consider the function f:[x,,xa1] >R, defined by f(x) = In In x is meets the 
conditions of the Lagrange's theorem of finite increases. Therefore there is Ca © (Xn, Xnt1) 


such that : 


InInXa+1 —InInx, = ath, — Xn). (2) 
CalnCa 

Because Xn < Ca < Xn, we have ; : 

Xml — Xn Xo+i — Xn 
—_— «<1 ~InInx, << =, N, 3 
er rae <InIinx,+) —InInx, < ee (V)ne (3) 

Xs 2k, 
‘ S(n) : 

We know that for each n EN*\{1}, a Ss be. 
ee a Ae (4) 


ninn Inn 


from 


S@) 


ninn 


. : n : 
where it results that dim Sg . Hence there is k>O such that 
2 ninn 


<k, ie, ninn> 3) for any neN*, so 


1 k 
Xnln Xp : S(Xa) (6) 


Introducing (5) in (3) we obtain : 


InInxpe1 —InInx, <i) aE (V)n € N*\{1}. (6) 
Summing up after n it results : 
x st aE EE dloninx —InInx;) 
m=! S(Xa) k na re 
Because dim Xm = 0 we have dim InInXm = 00, 1¢., the series : 
Xnit Xn 
» S(Ka) 
is divergent. The Proposition 1 is hes 
Proposition 2. Senes zs Sim) is divergent. 
Proof. We use Proposition 1 for x, = n. 
Remarks. 


1) Ifx, is the n - the prime number, then the series >> 


x 
Anti —*2 ig divergent. 


nm] S{ Xn) 
2) If the =o (Xn)n21 forms an arithmetical progression of natural numbers, then 
the series >) Ma Xe Kort Xa ig Bis 
r=] S{ =a 


+ 1 
ear +1)’ > S(4n+ 1) 
In conclusion, Proposition 1 offers us an unitary method to prove that the series having 


3) The series 2 etc., are all divergent. 


one of the precedent forms are divergent. 


Ooi 


Proposition 3. The series 
2] ] . 
PEE agra b 71/100, 101/100). 
> S(SG)..Stn Me convergent to a number s € ( ) 
L 


Proof. From the definition it results S(n) < n!, (V)n EN*\{1}, so eee >— 


Summing a beginning with n=2 we obtain : 


a 


x SOG). Sn) © 22a nt 


The product S(2) S(3)...S(n) is greater than the product of prime numbers from the set 


n}, because S(p)=p, for p= prime number. Therefore : 
Se | (7) 
IIs® 1p; 
1=2 1=2 


where p, is the biggest number smaller or equal to n. 


There are the inequalities : 
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ae e ee ae 1 
m2 SOG). ‘S(n) S(2)" Sosa) acm 


"$Q)SG). S09 °° © 272-342-3-5433-5.7° 
2 Pre — De 
POST. °°  eiDao pe” @) 
Using the inequality D,P>---P>Piet, (V)k > 5[5], we obtain : 


| or ee ] 
migra “as Ags «gee ge ea ©) 
We symbolise byP=+414.. and observe that P< +14 +4 

Pé P; 13714 15° 

It results : 

2 
p<@—(1+dets +), 

where 
lee we oie epee aa (EULER). 
6 D- Be. ae 
Introducing in (9) we obtain : 
2 

S<5+g+4+ ht rag ee ar. 


' Estimating with an approximation of an order not more than aa we find : 


0,71 <} spears <0 (10) 


The proposition 3 is proved. 
Remark. Giving up at the right increase from the first terms in the inequality (8) we 
can obtain a better right ranging : 


< 0,97. (11) 


oo 


1 
2 3@5G)..S0) 
n@ 
Proposition 4, Let « be a fixed real number, « > 1. Then the series py S(2)S(3)..S(@) 


is convergent. 


Proof. Be (Xk)k21 the sequence of prime numbers. We can write : 
Ze 


eo So 2 
S(2)S(3) Pi P2 
ey, ee eS 
S@)S)S@ < pips ~ pip2 
ee ee _ Pa 
SBRCSORG) < pipaps < Pip2ps 
6F Ps 


TASES OTE < pip2p3 ~ pip2ps 


n@ Pee nes ee eee Pret 
S(2)S(3)...S(n) ~ P1P2---Px < Dip... -Pk’ 


where pi <n,ieé {1,...,k}, pee > 1. 183 


Therefore 


= n® al (Pret —Px)> Peet 

2 S@SC)-Se ** +3 S(2)S@)...S(a) 
o- Peet 

<2 ‘2 oe we 


Then it exists ky EN such that for any k > ko we have : 
P1P2..-Pk > Prat - 


Therefore 
oo Ko-1 atl] 

< 201 + _ Peet ] : 
2 SOEGY. .S(n) 2 P1P2.--Pe rs Pvt 


Because the series > is convergent it results that the given series is convergent 


k2ko Pit 
too. 
Consequence 1. It exists oe éN so that for each n > no we have SER ONs sae 
Proof. Because iim —_—______ = 0, there is no €N so that 


© S(2)S(3)...S(@) SOS). ‘S(a) * 
for each n> no. 
Consequence 2. It exists no €N so that : 
S(2) +S@G) +... +S) > (a- [net for eachn=MNo . 


Proof. We Soi the inequality of averages to the numbers S(2), S(3), .... S(n): 
S(2) +S) +...+S@)>(n-1)™! J S(2)S@)...S(a) > (a- 1)n=t, Vn2 No. 


We can write it as it follows : 

Brees rage Cay aera Conger! Ori Oar apc ee Ao Gr a(n) 

Tatar sat oe a aS sl ae where a(n) is the 
number of: solutions for the equation S(x) =n, n EN, n= 2. 

It results from the equality S(x)=n that x is a divisor of n!, so a(n) is smaller than d(n!). 

So, a(n) < d(n!). 

Lemma 1. We have the inequality : 

d(n) <n—2, for each neN, n2 7. (12) 

Proof. Be n=pj;'p,’...p, with pi,p2,..,pk prime numbers, and 
ai > 1 for each ie {1,2,...,k}. We consider the function f: [1,0) —R, f(x)= a*-x-2,a2 2, 
fixed. It is derivable on [1,0) and f(x) = a*Ina—1. Because a22, and x21 it results that 

a* >2,>so aXIna>2Ina=Ina? >In4>Ine=1 , f{x) > 0 for each x € [1,~) anda 2>2, fixed. 

But f(1) = a-3. It results that for a > 3 we have fx) > 20 meats a®>x+2. 

Particularly, for a = pi,i € {1,2,..,k}, we obtain p;' 2 ai +2 for each pi 23. 

Ifn=2', s EN*, then d(n) =s+1<2*-2 =n-2 fors23. 

So we can assume k > 2, i.e. pz 2 3. The following inequalities result : 


pe zat, 
equivalent with 
pi 2artl,py—l2artl,.., pe —-l2actl. (13) 
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By multiplying, member with member, of the inequalities (13) we obtain : 


2 ~ 1)...(pe — 1) > (ar + I@2 + 1)...(ax +1) = d(n). (14) 
Considering the obvious inequality : 
n-22>pj'(p7' -1)...p° - (15) 


and using (14) it results that : 


n-2 = d(n) for each n > 7. 
Lemma 2. d(n!) < (n-2)! for each n EN, n>7. (16) 


Proof. We carry out an induction after n. So, for n=7, 

d(7!) = d(2* 23 - 5-7) =60 <120=5!. 

We assume that d(n!) < (n-2)!. 

d((n+1)!) = d(n!(n+1)) < d(n!) d(n+1) < (n-2)!d(n+1) < (n-2)!(n-1) = (n-1)!, 


because in according to Lemma 1, Pare <n-l. 


is convergent to a number s € (0.717, 1.253). 


1 
n(n — 1) 


Proposition 5. The series x 
r=2 i n)! 


Proof. From Lemma 2 it results that a(n) < (n-2)!, so © 


‘iS 7and yk _> a), eal 


= Say rr a ay 


for every ne N, 


Therefore 3, $2) OY) . 4 +3+ 5 Sy (17) 
= is <I 3! 7 a 
Because > = 1 we have there is a numbers >0,s5= >, i : 
ime —n m=2 S(n)! 
From (17) we obtain : 


1 391 1 1 1 

—paeddas ——t+ 

wt S(n)! © 360° 22-2 37-3. 424 
1 1 751 =5_ 451 
to a 2 BE 5 1,253. 

i (SS Cte 300. 6 60. 
But, because e S(n) <n for every n EN, it results : 
~ 1 

—=e-2. 

p> S(n)! ~ >) aes 
Consequently, for the number s we obtain the range e-2 <s < 1,253, i.e, 0.717<s< 


1,253. & 


S@) 
Because S(n) < n, it results an n! sta (n—1)! 


. Therefore the series >) Sq) 
n22 


convergent to a number f. 


(n) 


Proposition 6. The sum f of the series p> =) is an irrational number. 


Proof. From the above results that im oy ‘Se = 1. Under these circumstances that 


7m 122 


fe Q,f>0. Therefore it exists a,b EN, (a,b)=1, so that ae 
oy S(i : 
Let p be a fixed prime number, p > b, p>3. Obviously, * == » u +> oH which 
1=2 = i2p : 
leads to : 
163 


—1)! &! (9p -1)1SG -—1)!SG 
Ds _F} O'S), y= DIS) 
uy i2p ut ; 
-])! 1 (p-1)IS(i 
Because p > b results that e- é N and 3 eos € N. Consequently we 
i=2 ' 
have a (p= a. S@) EN too. 


Bea= ~ 0-180 DISD <n. 50 we have the relation 
_@- (- D'S) , (p-1)!S@+1) gine )'!S@+2) | 


p! (+0! (+2)! 
Because p is a prime number it results S(p)=p. 
So , 

ie lh ee ae) Eee (18) 


pP+1) "p+ lp+2)! 
We know that S(p+1) <p+1(V)i= 1, with ae only if the number pti is prime. 


Consequently, we have 


Sere 
a<1+4 eres aay tie .<1l+1+3 ce eS zt... pa? (19) 


From the inequalities (18) and (19) raat that 1<0<2, impossible, because a € N. 
The proposition is proved. 


REFERENCES 

[1] Smarandache: A Function in the Number Theory (An. Univ. Timisoara, Ser. St. 
Mat., vol. XVI, fasc.1 (1980), 79-88. 

[2] J. A. Blake: Some characteristic properties of the Farey Series . The Amer. Math. 
Monthly, 1966, 50-52. | 

[3] W, Sierpinski: Elementary Theory of Numbers (Panstwowe, Widawritcwo Nakove, 
Warszawa, 1964). ; 

[4] G. H. Hardy, E. M. Wright: An introduction to the Theory of Numbers. Oxford, 
1954. 

[5] L. Panaitopol: Asupra unor inegalitati ale lui Bonse, Gazeta matematica seria A, 
vol. LXXXVI nr. 3, 1971, 100-102 . 


